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Topic

Approximating solutions to partial differential equations (PDEs) with neural networks has seen a dramatic rise
over the past decade [2]. A key driver of this growth is the demand for fast surrogate models that accelerate the
computation of quantities of interest [4]. Such surrogates can bypass the high computational cost of classical
numerical solvers, especially for multiscale problems such as turbulent flows [11], weather forecasting [8], or
reservoir simulations [5]; see figure 1 for the porosity field in groundwater flow. Operator learning provides a
framework for surrogate modeling that learns parametric solution operators mapping between function spaces
(for example, from initial and boundary conditions to the solution space) [3]. Neural operator models have
already shown promising results for surrogate modeling across various scientific domains [7].

Figure 1: Exemplary multiscale problem in groundwater flow: porosity field of Model 2 from the SPE10
benchmark; cf. [6] and a Mach 7.7 Transitional Shock-Boundary Layer Interaction [1].

For many applications involving optimization, gradients of the solution operator are essential. They enable
inverse modeling, where one seeks optimal initial conditions or parameters consistent with observed data [9, 10].
Traditionally, PDE-constrained optimization has been used for such problems, but solving a PDE and its
adjoint incurs high computational costs at every iteration. Neural network surrogates, being lightweight and
differentiable, allow adjoints to be efficiently computed via automatic differentiation (AD) [7].

However, while neural operators can accurately approximate the forward model, their ability to approximate
the adjoint remains unclear, especially since adjoint data from numerical solvers are rarely available. This
motivates our central research question: how can we design neural operators that yield accurate approximations
for both the forward and adjoint operators? Furthermore, if the adjoint cannot be directly approximated, how
can such surrogates still be used reliably in inverse problems?

We aim to introduce formal adjoint-consistency conditions in training, ensuring that gradients of a scalar
loss with respect to model parameters match those derived from the discrete adjoint of a numerical forward
model. To this end, our surrogates will incorporate discrete structure similar to that of numerically discretized
PDEs. The discrete adjoint can then be compared to the AD-based gradient via an augmented loss function.
Specifically, we define a discretized forward model

Fh (uh, 9) = 0,
yielding an objective function
Jh(uh7 9))
and a discrete adjoint
OF,\ _ 9Jn
87.Lh o auh.
We then enforce consistency by penalizing discrepancies between
0Jn 7 O0F
Vodph = — — X' ——
T 0

and gradients from automatic differentiation. Embedding this structure into neural training, we hypothesize that
such surrogates will yield accurate AD-based derivatives for inverse problems. In this project, we will explore
this for optimizing turbulent flows using a deep neural operator, without access to ground-truth adjoints.
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