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Introduction

Given a polygonal/polyhedral domain Ω ∈ Rd, d = 2, 3, and a forcing term
f ∈ L2(Ω), let us consider the Poisson problem:{

−∆u = f in Ω,

u = 0 on Γ.
(1)

To solve problem (1) there exist several numerical methods, one of them is
the Virtual Element Method (VEM). It is a polytopal method par-
ticularly useful when high-order accuracy is required or the geometry of
the domain is challenging. The VEM is characterized by the need of pro-
jection and problem-dependent and isotropic stabilization operators.

We now present the Neural Approximated Virtual Element
Method (NAVEM), a novel method that relies on neural net-
works (NN ) to eliminate the need of the limiting projection and
stabilization operator in the VEM.

Note that we restrict ourself to problem (1) only for the sake of clarity,
but more general equations can be considered, as in the Numerical results

section.

The o�ine and online phases

The NAVEM o�ine/training phase can be described as follows:

� Given a number v of vertices, v = 3, . . . , V , consider a set of poly-
gons {Gk}Kv

k=1 with v vertices and, map them to the elements {Ĝk}Kv

k=1

through an a�ne map based on the inertia tensor to reduce the
variability of elements seen by the NN ;

� For all k, evaluate the basis functions of Vh,1(Ĝk) on enough points

{xi,k}i,k, i = 1, . . . , Ik on the boundary ∂Ĝk of Ĝk;

� Express the NAVEM basis functions as φNN
j,Ĝ

=
∑dim(Hℓ(Ĝ))

q=1 cq,Ĝ(θ)pq,

where the coe�cient ci,E(θ) is the i-th output of a NN evaluated on the

input Ĝ (suitably encoded). For each value v, train aNN tominimize:

Kv∑
k=1

Vk∑
j=1

Ik∑
i=1

(φNN
j,Ĝ

− φj,Ĝ

)2
+

(
∂φNN

j,Ĝ

∂t
−

∂φj,Ĝ

∂t

)4
 (xi,k).

The NAVEM online phase can be described as follows:

� Consider a PDE de�ned on a domain Ω and its decomposition Th. For
each element E ∈ Th with vE vertices, use the related NN to compute
the corresponding basis functions.

� Since all the basis functions are known, assemble and solve the linear
system as in a standard FEM solver.

Examples of basis functions

Figure 1: Three training polygons, coloured by the predicted basis functions.

VEM formulation

Let Th be a decomposition of Ω into polygons E and let Eh,E be the set
of edges of the element E ∈ Th. We de�ne the lowest-order local Virtual
Element space as:

Vh,1(E) =
{
v ∈ H1(E) : (i) ∆v = 0, (ii) v|∂E ∈ B1(∂E)

}
,

where
B1(∂E) =

{
v ∈ C0 (∂E) : v|e ∈ P1(e)∀e ∈ Eh,E

}
.

We introduce two computable local polynomial projectors Π0
0 and

Π∇
1 de�ned with respect to the L2 and H1

0 scalar products, respectively.
Then, the VEM variational formulation of problem (1) reads as:

Find uh ∈ Vh,1 such that∑
E∈Th

aEh (uh, vh) =
∑
E∈Th

(f,Π0
0vh)E ∀vh ∈ Vh,1,

with

aEh (uh, vh) =

∫
E

∇Π∇
1 uh · ∇Π∇

1 vh + SE((I −Π∇
1 )uh, (I −Π∇

1 )vh).

Numerical results

Let us test the NAVEM on the following problem:{
∇ · (−D(x)∇u) + β(x) · ∇u+ γ(x)u = f in Ω,

u = gD on Γ,

with:

D(x) =

[
1 + x2

2 −x1x2

−x1x2 1 + x2
1

]
, β(x) =

[
x1

−x2

]
, γ(x) = x1x2.
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Figure 2: Mesh and exact solution (left), corresponding error decays (right).

NAVEM formulation

Let us introduce the space Hℓ(E) of the harmonic polynomials of degree
up to ℓ ≥ 1. Combining such functions by means of a suitably trained
NN , we aim at approximating the map

(vj , E) 7→ φNN
j,E ∈ Hℓ(E), for each vertex vj of E and ∀E ∈ Th.

This way, we obtain a local approximation of each VEM basis func-
tion φNN

j,E ∈ Vh,1(E) and we construct the linear space:

V NN
h,1 (E) = span{φNN

j,E , j = 1, . . . , Ndof
E } ⊂ HℓE (E),

Then, the NAVEM variational formulation of problem (1) reads as:

Find uNN
h ∈ V NN

h,1 such that∑
E∈Th

aE(uNN
h , vNN

h ) =
∑
E∈Th

(f, vNN
h )E ∀vNN

h ∈ V NN
h,1 ,

where

aE(uNN
h , vNN

h ) =

∫
E

∇uNN
h · ∇vNN

h .
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