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Representation of a 3D tensor in the CP tensor format

A full tensor w P Rn1ˆn2ˆn3 is represented as a sum of tensor
products.
The lines on the right denote vectors w i ,k P Rnk , i “ 1, . . . , r ,
k “ 1, 2, 3.
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CP tensor format linear algebra

α ¨ w “
r
ÿ

j“1

α
d
â

ν“1

w j ,ν “

r
ÿ

j“1

d
â

ν“1

ανw j ,ν

where αν :“ d
a

|α| for all ν ą 1. and α1 :“ signpαq d
a

|α|.
The sum of two tensors costs only Op1q:

w “ u ` v “

˜

ru
ÿ

j“1

d
â

ν“1

uj ,ν

¸

`

˜

rv
ÿ

k“1

d
â

µ“1

v k,µ

¸

“

ru`rv
ÿ

j“1

d
â

ν“1

w j ,ν

where w j ,ν :“ uj ,ν for j ď ru and w j ,ν :“ v j ,ν for ru ă j ď ru ` rv .
The sum w generally has rank ru ` rv .
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CP properties: Hadamard product

u d v “

˜

ru
ÿ

j“1

d
â

ν“1

uj ,ν

¸

d

˜

rv
ÿ

k“1

d
â

ν“1

v k,ν

¸

“

ru
ÿ

j“1

rv
ÿ

k“1

d
â

ν“1

puj ,ν d v k,νq

The new rank can increase till rurv , and the computational cost is
Opru rvn dq.

4 / 52



CP properties: scalar product and norm

The scalar product can be computed as follows:

xu|vyT “ x

ru
ÿ

j“1

d
â

ν“1

uj ,ν|

rv
ÿ

k“1

d
â

ν“1

v k,νyT “

ru
ÿ

j“1

rv
ÿ

k“1

d
ź

ν“1

xuj ,ν|v k,νy

Cost is Opru rv n dq.
Rank truncation via the ALS-method or Gauss-Newton-method.

The scalar product above helps to compute the Frobenius norm

}u}2 :“
a

xu|vyT

.
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Motivation 1: How to compute entropy in high dimensions?

Let ξ P Rd be a random vector ξ “ pξ1, ..., ξdq with pdf pξ.
Entropy is the expectation of logarithm of pdf :

hppξq :“ E p´ lnppξpyqqq :“

ż

Rd

´ lnppξpyqqpξpyq dy. (1)

Discretise:
supp pξ :“ clty P Rd | pξpyq ‰ 0u Ď

Śd
ν“1rξ

pminq
ν , ξ

pmaxq
ν s Ă Rd .

Equidistant grid x̂ν :“ px̂1,ν, . . . , x̂Mν,νq, 1 ď ν ď d , of size Mν: @ν it

holds that x̂iν,ν P rξ
pminq
ν , ξ

pmaxq
ν s,

X̂ “

d
ą

ν“1

x̂ν “ pX̂qpν,i1,...,idq

with 1 ď iν ď Mν.
The notation P :“ pξpX̂q will denote the tensor P P

Âd
ν“1 R

Mν.

P :“ pξpX̂q :“ pP i1,...,idq :“ ppξpx̂i1,1, . . . , x̂id ,dqq (2)
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And the entropy

hppξq «
M1
ÿ

i1“1

¨ ¨ ¨

Md
ÿ

id“1

´ lnpP i1,...,idqP i1,...,idwi1,...,id , (3)

where wi1,...,id are weights.
Sometimes can

pξpyq « p̃ξpyq “
R
ÿ

`“1

d
â

ν“1

p`,νpyνq, (4)

where each p`,ν is a function of yν in dimension ν. The p`,ν are
evaluated on the grid vector x̂ν for all ν and `, giving

p`,ν :“ pp`,νpx̂1,νq, . . . , p`,νpx̂Mν,νqq P RMν

A possible low-rank CP representation of the tensor P :

P «

R
ÿ

`“1

d
â

ν“1

p`,ν. (5)
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Motivation 2: stochastic PDEs

´∇ ¨ pκpx , ωq∇upx , ωqq “ f px , ωq, x P G Ă Rd , ω P Ω

Write first Karhunen-Loeve Expansion and then for uncorrelated
random variables the Polynomial Chaos Expansion

upx , ωq “
K
ÿ

i“1

a

λiφipxqξipωq “
K
ÿ

i“1

a

λiφipxq
ÿ

αPJ
ξ
pαq
i Hαpθpωqq (6)

“

K
ÿ

i“1

a

λiφipxq
p1
ÿ

α1“1

...
pM
ÿ

αM“1

ξ
pα1,...,αMq

i

M
ź

j“1

hαj
pθjq (7)

with multi-variate polynomials Hαpθpωqq :“
śd

j“1 hαj
pθjpωqq in iid

standard normalised Gaussians θpωq “ pθ1pωq, . . . , θdpωqq, where
α “ pα1, . . . , αdq is a multi-index and the hαj

pθjpωqq are uni-variate
polynomials.

How to compute f-divergences from Eq. 6 ?
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Idea: Computing f-divergences if pdfs are not available?

Two ways to compute f -divergence, KLD, entropy,...
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Examples of pcf

(left) Uniform pdf, Ura, bs; (right) pcf for Up–1, 1q

(bottom) pcf of generalized Gaussian, fξpxq9 exp ´|x´µ|
p

2ap
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Some examples of the function f for the f -divergence

Many common divergences, such as the KL-divergence, the Hellinger
distance, and the total variation distance, are special cases of the
f -divergence, coinciding with a particular choice of f .

Name of the divergence Corresponding f ptq
KL-divergence t logptq
reverse KL-divergence ´ logptq
squared Hellinger distance p

?
t ´ 1q2

total variation distance |t ´ 1|{2
Pearson χ2

P-divergence pt ´ 1q2

Neyman χ2
N-divergence (reverse Pearson) t´1

´ 1
Pearson-Vajda χk

P-divergence pt ´ 1qk

Pearson-Vajda |χ|kP-divergence |t ´ 1|k

Jensen-Shannon-divergence t logptq ´ pt ` 1q logppt ` 1q{2q
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Connection of pcf and pdf

The probability characteristic function (pcf ) ϕξ defined:

ϕξptq :“ E pexppixξ|tyqq :“

ż

Rd

pξpyq exppixy|tyq dy “: F rds
ppξqptq,

where t “ pt1, t2, ..., tdq P Rd ,

xy|ty “
řd

j“1 yjtj , and

F rds is the probabilist’s d -dimensional Fourier transform.

pξpyq “
1

p2πqd

ż

Rd

expp´ixt|yyqϕξptq dt “ F r´ds
pϕξqpyq, (8)

F r´ds is the d -dimensional inverse Fourier transform.
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Low-rank property of FFTd and iFFTd

We try to find an approximation

ϕξptq « rϕξptq “
R
ÿ

`“1

d
â

ν“1

ϕ`,νptνq, (9)

where the ϕ`,νptνq are one-dimensional functions.
Then we can get

pξpyq « rpξpyq “ F r´ds
prϕξqy “

R
ÿ

`“1

d
â

ν“1

F´1
1 pϕ`,νqpyνq,

where F´1
1 is the one-dimensional inverse Fourier transform.
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Discrete representation of the pdf

Discrete representation of pdf and the pcf is based on equidistant
grid vectors

x̂iν,ν “ x̂1,ν ` piν ´ 1q∆xν

(with increment ∆xν) of size Mν in each dimension 1 ď ν ď d of Rd .

V “
śd

ν“1 Mν∆xν, trapezoidal integration rule with weights V
N

.

The whole grid is

X̂ “

d
ą

ν“1

x̂ν

P :“ pξpX̂q denotes the tensor P P
Âd

ν“1 R
Mν “: T ,

dim T “
śd

ν“1 Mν “: N ,
the components of which are the evaluation of the pdf pξ on the
grid X̂.
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Discrete representation of the pcf

Dual grid

T̂ “

d
ą

ν“1

t̂ν

t̂ν :“ pt̂1,ν, . . . , t̂Mν,νq, t̂Mν,ν “ π{∆xν, the equi-distant spacing of the
dual grid in dimension ν is 2π{Lν..
0 P T̂ , j0 “ pj0

1 , . . . , j
0
dq, i.e. pt̂j01 ,1, . . . , t̂j0d ,dq “ 0 “ p0, . . . , 0q.

The pcf on the dual grid is represented through the tensor
Φ :“ φξpT̂ q P T .

Thus, we deal with discretisations

P :“ pξpX̂q

Φ :“ φξpT̂ q

15 / 52



Notation, Moments and Covariance

x P Rd , xbk :“
Âk

j“1 x.

Random variable (RV) ξ : Ω Ñ V “ Rd .
Expectation operator is denoted by E p¨q,

ξ̄ :“ E pξq “
ş

Ω ξpωqPpdωq P Rd ,

ξ̃ :“ ξ ´ ξ̄.

The moments Xk and the central moments Ξk of ξ of order k:

Xk “ E
`

ξbk
˘

P pRd
q
bk

Ξk “ E
´

ξ̃bk
¯

P pRd
q
bk.
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Notation, Moments and Covariance

The covariance matrix Σξ “ cov ξ “ Ξ2 “ X2 ´ ξ̄ b ξ̄ P pRdqb2.

The mixed and mixed central moments are denoted by

Y k,` “ E
`

ξbk b ηb`
˘

Υ k,` “ E
´

ξ̃bk b η̃b`
¯

P pRd
q
bk
b pRn

q
b`.

The covariance is also denoted as

covpξ,ηq “ Υ 1,1 “ Y 1,1 ´ ξ̄ b η̄
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Higher order moments

p´i Btkqϕξptq “
ż

Rd

xk exppixt|xyqpξpxq dx “ F rds
pxkpξpxqq ptq

Further, denoting the tensor of k-th derivatives by

Dkϕξptq “

˜

Bk

Bti1 . . . Btik
ϕξptq

¸

,

and

p´iqk Dkϕξp0q “

ż

Rd

xbk pξpxq dx “ F rds
`

xbk pξpxq
˘

p0q “ Xk

(10)
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Second characteristic function

(cumulant generating function) whose derivative tensors of order k
are essentially the cumulants Kk of ξ, is defined as the point-wise
logarithm of the pcf :

χξptq :“ logpϕξptqq “ log pE pexppixt|ξyqqq , (11)

with
p´iqk Dkχξp0q “: Kk
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Moment generating function

Is defined as:

Mξptq :“ E pexppxt|ξyqq “
ż

Rd

exppxt|xyqpξpxq dx

“ Ldppξqp´tq “ ϕξp´i tq,

where Ldppξqptq “
ş

exppx´t|xyqpξpxq dx is the two-sided
d -dimensional Laplace transform of pξ. Then

DkMξp0q “

ż

Rd

xbk pξpxq dx “ Xk, k P N0. (12)

Cumulant generating function is the point-wise logarithm of the

moment generating function Mξ:

Kξptq :“ logpMξptqq “ log pE pexppxt|ξyqqq , (13)

with DkKξp0q “ Kk.
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Computation of QoIs

For tensors P , F representing pdf ppxq and a function f p¨q
evaluated on the grid, obtain

ż

ppxq dx « SpP q :“
V

N
xP |yT , (14)

where  “
Âd

ν“1 1ν; — the tensor with all ones — satisfying
r d  “ r for any r ,
1ν :“ p1, . . . , 1q P RMν.

If F is a tensor which represents the grid-values of a function f pxq,
i.e. F “ f pX̂q, then

E pf pξqq “
ż

Rd

f pxqpξpxq dx « SpF d P q “ V

N
xF |P yT
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Computation of QoIs

Differential entropy, requiring the point-wise logarithm of P :

hppq :“ E p´ logppqqp « E p´ logpP qqP “ ´
V

N
xlogpP q|P y,

Then the f -divergence of p from q and its discrete approximation is
defined as

Df pp}qq :“ E
ˆ

f

ˆ

p

q

˙˙

q

« E
`

f pP dQd´1
q
˘

Q

“
V

N
xf pP dQd´1

q|Qy.
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List of some typical divergences and distances.

Divergence D‚pp}qq

KLD — DKL:

ż

plogpppxq{qpxqqq ppxq dx “ Epplogpp{qqq

Hellinger,pDHq
2:

1

2

ż

´

a

ppxq ´
a

qpxq
¯2

dx

Bregman, Dφ:

ż

“

pφpppxqq ´ φpqpxqqq ´ pppxq ´ qpxqqφ1pqpxqq
‰

dx

Bhattach., DBh: ´ log

ˆ
ż

a

pppxqqpxqq dx

˙
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Discrete approximations for divergences above

Divergence Approx. D‚pp}qq

KLD
V

N
pxlogpP q|P y ´ xlogpQq|P yq

pDHq
2:

V

2N
xPd1{2

´Qd1{2
|Pd1{2

´Qd1{2
y

Dφ: S
`

pφpP q ´ φpQqq ´ pP ´Qq d φ1pQq
˘

DBh: ´ log

ˆ

V

N
xPd1{2

|Qd1{2
y

˙
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Algorithms

Below we will list algorithms, which approximate f ppξpyqq by f pP q,
where the f ’s considered are

f p¨q “ tsignp¨q, p¨q´1,
?
¨, m
?
¨, p¨qk, log p¨q, exp p¨q, p¨q2, | ¨ |u, (15)

k ą 0,
P “ pξpX̂q “

řrp
j“1

Âd
ν“1 pj ,ν.

Available methods:

1. TT-cross
2. iterative methods (e.g., Newton algorithm)
3. power series
4. quadrature rule to compute the Dunford-Cauchy contour integral
5. others (like sinc quadrature)
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Iterative methods

We want to compute f pwq for some function f : T Ñ T .
We have an iteration function Ψ f ,
which only uses operations from the Hadamard algebra on T , and
which is iterated,

v i`1 “ Ψ f pv iq

and converges to a fixed point

Ψ f pv ˚q “ v ˚

When started with a v 0 depending on w ,
the fixed point is

lim
iÑ8

v i “ v ˚ “ Ψ f pv ˚q “ f pwq
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Computing pointwise inverse wd´1.

Let F pxq :“ w ´ xd´1.
Applying Newton’s method to F pxq for approximating the inverse of
a given tensor w , one obtains the following iteration function Ψd´1

with the i.c. v 0 “ α ¨ w to bring v 0 close to v a “ :

Ψd´1pvq “ v d p2 ¨ ´ w d vq.

The iteration converges if the initial iterate v 0 satisfies
}´ w d v 0}8 ă 1.
A possible candidate for the starting value is v 0 “ αw with
α ă p1{}w}8q

2.
For such a v 0, the convergence initial condition }´ αwd2}8 ă 1 is
always satisfied.
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Computing pointwise
?
w via Newton iteration

Let F pxq :“ xd2 ´ w “ 0.

The Newton iteration

Ψ?pvq “
1

2
¨ pv ` vd´1

d wq. (16)

with i.c. v 0 “ pw ` q{2.

28 / 52



Computing pointwise
?
w via Newton-Schulz iteration

Let F pxq :“ xd2 ´ w “ 0.

Newton-Schulz iteration computes
v`˚ “

?
w “ wd1{2 and v´˚ “ p

?
wqd´1 “ wd´1{2.

We set V 0 “ ry 0, z0s “ rα ¨ w , s P T 2, and the auxiliary function
Apy , zq “ 3 ¨ ´ z d y :

Ψ?

ˆ„

y
z

˙

“
1

2

„

y d Apy , zq
Apy , zq d z



. (17)

The iteration converges to

V ˚ “ rv
`
˚ , v

´
˚ s “ r

?
y 0, p

?
y 0q

d´1
s

if }´ y 0}8 ă 1, and α ă 1{}w}8.
Fixed point of the iteration is v`˚ “

?
α ¨
?
w and

v´˚ “ p1{
?
αq ¨ p

?
wqd´1.

Obtain:
?
w “ p1{

?
αq ¨ v`˚ and p

?
wqd´1 “

?
α ¨ v´˚ .
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Computing logpwq

Assume w ą 0.
See [Higham’01, Higham’12].
For the algorithms to work well w has to be close to the identity ,
which can be achieved by taking roots: for λ ą 0 one has
log

`

wλ
˘

“ λ logw .

Truncated Taylor series (radius of convergence }x}8 ă 1):

logp´ xq “ ´
8
ÿ

n“1

1

n
¨ xdn

where x :“ ´ w . If w is not near to the identity, then one may
use the relation logpwq “ 2k logpwd1{2kq, where wd1{2k Ñ  as k
increases.

30 / 52



Computing power function by w ÞÑ wdm

Power function by

w ÞÑ wdm “: Ψpowpm,wq

For m ă 0 this is simply

Ψpowpm,wq “ Ψpowp´m,w
d´1
q

The recursive formula:

Ψpowpm,wq “

$

’

&

’

%

m ą 1 and odd : w d Ψpowpm ´ 1,wq;

m even : Ψpowp
m
2 ,wq d Ψpowp

m
2 ,wq;

m “ 1 : w ;

(18)

31 / 52



Computing wd
1
m

See Section 7 in N.Higham’s book.

Assume w ě 
Newton’s method for F pxq “ xdm ´ w “ .
The iteration function with v 0 “ w looks like

Ψm´rootpvq “
1

m
ppm ´ 1q ¨ v ` Ψpowp1´ m, vq d v 0q . (19)

If m ě 2, this involves a negative power

vdp1´mq “ Ψpowp1´ m, vq

.
Algorithm converges for all w ě .
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Computing wd
1
m

Auxiliary function Apy , zq “ p1{mq ¨ ppm ` 1q ¨ ´ zq:

Ψm´root “

ˆ„

y
z

˙

“

„

y d Apy , zq
Ψpowpm,Apy , zqq d z



, (20)

where y i Ñ wd´
1
m and z i Ñ wd

1
m .

The starting values are

V 0 “ ry 0, z0s “ rα ¨ , pαq
mw s P T 2

with α ă p}w}8{
?

2q´
1
m .

For scaling purposes it is best used with m “ 2k.
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Computing wd
1
m

Another way of computing the m-th root is Tsai’s algorithm(Tsai’88,
Lorin’21), which uses the auxiliary function

Bpyq “ p2 ¨ ` pm ´ 2q ¨ yq d p` pm ´ 1q ¨ yqd´1

:

ΨTsai “

ˆ„

y
z

˙

“

„

y d Ψpowpm,Bpyqq
z d pBpyqq



, (21)

with starting value V 0 “ rw , s.

Then z i Ñ wd
1
m .
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Computing logpwq via Gregory’s series

Converges for all w ą 0.
Setting z “ p´ wq d p` wqd´1, one has

logw “ ´2
8
ÿ

k“0

1

2k ` 1
¨ zdp2k`1q. (22)
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Computing expw .

See book of N. Higham, Chapter 10:

ur ,s “

˜

r
ÿ

k“0

1

k!sk
wdk

¸ds

. (23)

Here limrÑ8 ur ,s “ limsÑ8 ur ,s “ expw .

It is of advantage to use s from the series of powers of 2,
s “ 1, 2, 4, . . . , 2k,
then the s-th power can be computed by squaring.

For the scaling the best choice is α ą }w}8.
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Four numerical tests:

1. KLD is computed with the analytical formula and the amen cross
algorithm from TT-toolbox

2. Hellinger distances is computed with well-known analytical
formulas and the amen cross algorithm.

3. (pdf is not known analytically), the d -variate elliptically contoured
α-stable distributions are chosen and accessed via their pcfs ,

4. KLD and Hellinger distances for different value of d , n and the
parameter α.
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Example 1: KLD for two Gaussian distributions

N1 :“ N pµ1,C1q and N2 :“ N pµ2,C2q, where
C1 :“ σ2

1I , C2 :“ σ2
2I ,

µ1 “ p1.1 . . . , 1.1q and µ2 “ p1.4, . . . , 1.4q P Rd ,
d “ t16, 32, 64u, and σ1 “ 1.5, σ2 “ 22.1.

The well-known analytical formula is

2DKLpN1}N2q “ trpC´1
2 C1q ` pµ2 ´ µ1q

TC´1
2 pµ2 ´ µ1q ´ d ` log

|C2|

|C1|

38 / 52



Comparison of KLDs computed via two methods

DKL computed via TT tensors (AMEn algorithm) and the analytical
formula for various values of d .
TT tolerance = 10´6, the stopping difference between consecutive
iterations.

d 16 32 64
n 2048 2048 2048
DKL (exact) 35.08 70.16 140.32
rDKL 35.08 70.16 140.32
erra 4.0e-7 2.43e-5 1.4e-5
errr 1.1e-8 3.46e-8 8.1e-8
comp. time, sec. 1.0 5.0 18.7

39 / 52



Example 2 — Hellinger distance

(for Gaussian distributions)

DHpN1,N2q
2
“ 1´ K1

2
pN1,N2q, where

K1
2
pN1,N2q “

detpC1q
1
4 detpC2q

1
4

det
`

C1`C2

2

˘

1
2

¨

¨ exp

˜

´
1

8
pµ1 ´ µ2q

J

ˆ

C1 ` C2

2

˙´1

pµ1 ´ µ2q

¸
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Hellinger distance DH

is computed via TT tensors (AMEn) and the analytical formula. TT
tolerance = 10´6.

d 16 32 64
n 2048 2048 2048
DH (exact) 0.99999 0.99999 0.99999
rDH 0.99992 0.99999 0.99999
erra 3.5e-5 7.1e-5 1.4e-4
errr 2.5e-5 5.0e-5 1.0e-4
comp. time, sec. 1.7 7.5 30.5

The AMEn algorithm is able to compute the Hellinger distance DH

between two multiv. Gaussian distribes for d “ t16, 32, 64u, and
n “ 2048. The exact and approximate values are almost identical.

41 / 52



Example 3: α-stable distribution

The pcf of a d -variate elliptically contoured α-stable distribution is
given by

ϕξptq “ exp
`

ixt|µy ´ xt|Cty
α
2

˘

.

AMEn tol.“ 10´9.
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Example 3: KLD between two α-stable distributions

with α1 “ 2.0, α2 “ 1.9 (µ1 “ µ2 “ 0, C1 “ C2 “ I ).

d 16 16 16 16 16 16 16 32 32 32
n 8 16 32 64 128 256 512 64 128 256
DKLp2.0, 1.9q 0.016 0.06 0.06 0.062 0.06 0.06 0.06 0.09 0.14 0.12
time, sec. 0.8 3 8.9 14 22 61 207 46 100 258
maxTT rank 40 57 79 79 59 79 77 80 78 79
mem., MB 1.8 7 34 54 73 158 538 160 313 626

AMEn tol.“ 10´9.
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Full storage vs low-rank

For d “ 32 and n “ 256 the amount of data in full storage mode
would be
N “ nd “ 26532 « 1.16E77 « 1E78 bytes.
In TT-low-rank approximation: 626MB, and fits on a laptop.
Assuming 1GHz notebook, the KLD computation in full mode would
require ca. 1.2E68sec,
or more than 3E60 years,
and even with a perfect speed-up on a parallel super-computer with
say 1, 000, 000 processors,
this would require still more than 3E54 years;
compare this with the estimated age of the universe of ca. 1.4E10
years.
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Example 4: DKLpα1, α2q between two α-stable distributions

for pα1, α2q and fixed d “ 8 and n “ 64.

pα1, α2q p2.0, 0.5q p2.0, 1.0q p2.0, 1.5q p2.0, 1.9q p1.5, 1.4q p1.0, 0.4q
DKLpα1, α2q 2.27 0.66 0.3 0.03 0.031 0.6
comp. time, sec. 8.4 7.8 7.5 8.5 11 8.7
max. TT rank 78 74 76 76 80 79
memory, MB 28.5 28.5 27.1 28.5 35 29.5

µ1 “ µ2 “ 0, C1 “ C2 “ I .
AMEn tol.“ 10´12.
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Example 3: Hellinger distance DHpα1, α2q

for the d -variate elliptically contoured α-stable distribution for
α “ 1.5 and α “ 0.9 for different d and n.
µ1 “ µ2 “ 0, C1 “ C2 “ I .

d 16 16 16 16 16 16 32 32 32 32
n 8 16 32 64 128 256 16 32 64 128
DHp1.5, 0.9q 0.218 0.223 0.223 0.223 0.219 0.223 0.180 0.176 0.175 0.176
comp. time, sec. 2.8 3.7 7.5 19 53 156 11 21 62 117
max. TT rank 79 76 76 76 79 76 75 71 75 74
memory, MB 7.7 17 34 71 145 283 34 66 144 285

AMEn tolerance is 10´9.
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Example 6: DH vs. TT (AMEn) tolerances

TT(AMEn) tolerance 10´7 10´8 10´9 10´10 10´14

DHp1.5, 0.9q 0.1645 0.1817 0.176 0.1761 0.1802
comp. time, sec. 43 86 103 118 241
max. TT rank 64 75 75 78 77
memory, MB 126 255 270 307 322

Computation of DHpα1, α2q between two α-stable distributions
(α “ 1.5 and α “ 0.9) for different AMEn tolerances.
n “ 128, d “ 32, µ1 “ µ2 “ 0, C1 “ C2 “ I .
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Conclusion

Demonstrated that high-dim. pdfs , pcfs , and some functions of
them can be approximated and represented in a low-rank tensor data
format.

Provided numerical methods to compute

1. entropy, KLD, and f-divergences in low-rank tensor format
2. functions

f p¨q “ tsignp¨q, p¨q´1,
?
¨, m
?
¨, p¨qk, log p¨q, exp p¨q, p¨q2, | ¨ |u,

of pcf and pdf

3. low-rank approximations reduce the complexity and storage from
exponential Opndq to linear in n.
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How to compute KLD and other divergences? Classical result is
given only for pdfs, which are usually unknown.

Divergence D‚pp}qq

KLD

ż

plogpppxq{qpxqqq ppxq dx

Hellinger dist.
1

2

ż

´

a

ppxq ´
a

qpxq
¯2

dx

Bhattacharyya ´ log

ˆ
ż

a

pppxqqpxqq dx

˙
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